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Optimal Feedback Control of a Nonlinear System:
Wing Rock Example

Shyh-Pyng Shue,* M. E. Sawan,” and Kamran Rokhsaz*
Wichita State University, Wichita, Kansas 67260-0044

A procedure is presented for optimizing a state feedback control law for a nonlinear system with respect to a
positive performance index. The Hamilton-Jacobi-Bellman equation is employed to derive the optimality equations
wherein this performance index is minimized. The closed-loop Lyapunov function is assumed to have the same
matrix form of state variables as the performance index. The constant interpolated terms of these matrix forms are
easily determined so as to guarantee their positive definitenesses. The optimal nonlinear system is asymptotically
stable in the large, as both the closed-loop Lyapunov function and performance index are positive definite. An
unstable wing rock equation of motion is employed to illustrate this method. It is shown that the wing rock model
using nonlinear state feedback is asymptotically stable in the large. Both optimal linear and nonlinear state feedback

cases are evaluated.

Nomenclature
A = linear system state matrix
a; = coefficients of what dependent on the angle of attack
B = control matrix
by, by = coefficients of the wing rock equation
c1, €2 = constant values
fx) = nonlinear terms of the system
H = Hamiltonian equation
J = performance index, also called cost function
n = positive integer relative to the highest order term
of f(x)
P = Lyapunov matrix
P ; = submatrix of P
0 = interpolated term of g (x)
Qi = submatrix of Q
q(x) = nonlinear state performance index
R = control weight matrix
u = control inputs
Vix) = Lyapunov function
x = system state variables
o = angle of attack
€ = small positive number
i, o = coefficients of the wing rock equation
¢ = roll angle
¢ = roll rate
w = wing rock limit cycle frequency

1. Introduction

HE many aspects of the optimal control problem have been
studied since the Hamilton—-Jacobi-Bellman (HIB) equation
was derived. Early applications have been in linear quadratic regu-
lator (LQR) problems. LQR is guaranteed to have an optimal and
asymptotically stable solution because the closed-loop Lyapunov
function is positive definite or positive semidefinite and its time
derivative is negative definite.
Consider a nonlinear system as follows:

%= Ax + f(x) + Bu
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and the performance index

1 o0

J = —/ [g(x) +u” Ru]dt

2 Jy

For the extension of the LQR problem to the nonlinear optimal

control problem, the following conditions must be satisfied.
Condition 1:

Vx) =0, V0)=0

Condition 2:
min{H}

= min {lq(x) + luTRu + m[Ax + f(x) +Bu]} =0
2 2 ox

Condition 3:
q(x) =0
Condition 2 is called the HIB equation that gives the system

Vo= 200,

d
if condition 3 is satisfied.

One of the most popular optimal control methods used in nonlin-
ear systems is the method of singular perturbations.'~* This method
assumes that the closed-loop Lyapunov function is a series expan-
sion of a small parameter. Through evaluation of the HIB equation
with this Lyapunov function, the optimal control is determined. This
method, however, does not provide a way to check whether or not
the Lyapunov function is positive definite; that is, this method does
not offer a way to ensure that the system is asymptotically stable
in the large. Because of this uncertainty regarding the closed-loop
Lyapunov function, Garrard! stated that “The control created by a
small perturbation [singular perturbation] is useful only within some
domain of asymptotical stability surrounding the origin.” Further-
more, the designer must carefully weigh the cost required for the
control to create the better behavior.

In fact, no matter whether or not the linear system or the nonlinear
system uses nonlinear feedback control, the system’s closed-loop
Lyapunov function has to be positive definite. This point, however,
is still neglected in the current literature in this area, such as in
Refs. 5-9. Some works!®!! mention the importance of the listed
three conditions. Goh!" used an appropriately trained feedforward
neural network as a nonlinear controller on a nonlinear system,
where the HIB equation and a positive definiteness of the closed-
loop Lyapunov function were satisfied. The problem, however, was
restricted to the neural network’s training domain. Bernstein'! indi-
cated that the Lyapunov function must be positive definite, and so he
used a fourth-order positive definite Lyapunov function to calculate

1 T
= ~319() + u"Ru] <0
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the HIB equation and find the optimal control. The method, how-
ever, was limited to fourth-order systems, and the flexibility of the
performance index was also limited.

As with the LQR problem, the performance index plays a very im-
portant role in the problem of optimal control of nonlinear systems.
When a positive definite Lyapunov function cannot be found, this
purpose usually can be achieved through changing the cost func-
tion. Leeper and Mulholland!? used an appropriate and reasonable
performance index such that the system was asymptotically stable,
since the nonlinear term of the state equation could be canceled.

In the current paper, a procedure is presented that produces a
closed-loop Lyapunov function and a performance index that are
positive definite, and the HIB equation is also satisfied. This means
that the system is asymptotically stable in the large.

II. Method of Analysis
A. Problem Statement and Methodology
Consider a time-invariant nonlinear system

x=Ax+ f(x)+ Bu n

where A, B, x, and u have proper dimensions, and f (x) represents
the higher-order term with respect to the state variable x. Therefore,
f(x) may be written in the following form:

f@x)= L)+ )+ + for1(x); n>2 (2

Note that subscripts of f(x), the performance index, the closed-loop
Lyapunov function, and the Hamiltonian matrix represent the order
of the state variable x. One can define a performance index

:l/ [q(x) + u Ru)dt 3)
2 [{]
where
Tl Qi Ciz2 -+ Qin
x2 . . xz
P o
g =| . Qar Pz , )
x" Oui -+ - Oun x"

withg(x) = 0,and Q; ; = Q;; wheni # j. Also, R is assumed to
be symmetric, orthogonal, and positive definite. Therefore,

q(x) = q2(x) + g3 () + q4(x) + - -+ + g2, (%)
where
q2(x) = 3x7 Q1 1x
g3(x) = 3x7 Q1% + 3(x*)T Qa1x
ga(x) = 3xT Q13x% + ()7 Qa0x? + 3 (x3)7 Q3 1x!

and

4on (x) = %(xn)T Qn,nxn

The optimal control problem of the system in Eq. (1) is to find
the state feedback gain

u = u(x)

such that the performance index (3) is minimized. The HIB equation
shown as follows is applied to find the optimal solution of the system,

1 1
H:Eq(x)-i—EuTRu—i— V(x)[A + @)+ Bu]l =0 (5)
where
awvx) [avie) av(x) AV (x) 6
x| ax  oxa T dx, ©
The optimal control is
T
u(x) = —R‘BT[mx—)] )
dax
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when
oH

dx
Substituting Eq. (7) into Eq. (5) results in

T
Lo - lBV(x)BRBT[BV(x)]
2 9 X
vV (x)
+——[Ax+ f@)] =0 (8)

Assume the Lyapunov function has the same form as the cost
function,

r| P Pz o Piy
X X
1] % P P : x?
V) =51 B G
2| : . . :
x" g ) : X"
Pn,l e PN Pn,n

and V(x) > 0, where P; ; = P;; wheni # j. Therefore,

Vi(x) = Valx) + Va(x) + Va(x) + - - + Vo (x)
where
Vz(x) —xTP1 1X
Vi(x) = 'XTP1 x2 41 (xz)TPZIX
and

Van(x) = %(xn)TP"‘"xn

Note that the performance index and the Lyapunov function are
symmetric.

Let H = H2 + H3 + H4 + -+ H2n- Substituting EqS (9), (4),
and (2) into Eq. (8) and rearranging based on the order of the state
variable,

T
(10)
1 _13khx) 17| 8Va(x) T_13V3(x)
Hy = 2qs(x) = 5 ——BR B[ - } J
T
xBR"‘BT[aVZ(x)] n 3V3(X)A 4 GVZ(x)fz(x)zo
dx ax Ox
(1n
T
Hy =—q4( = L3V g BT|:8V4(x)i| 13V
2 dx dx 2 ox
< pr-1p7| 23 ' 1Va) p i pr| 8V200) !
dx 2 ax ax
av. av: aV:
+ ;;X)A 3(x) A+ Z(x)fg(x)—O 12

T
1 1aV.
Han = 54a() = 5 Z(x)BR“BT[a_V;ﬂ}
X

0x
——— lmBR—lBr[avﬁx)}T " 3V2n(x)A
2 dx Jdx Ox
3Vn av
: 1(X)fz( Y+ 2(x)fzn 1(x)=0 (13)
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Table 1 Coefficients for the wing rock motion from Ref. 13

Solving the algebraic Riccati equation, and substituting P;; back

« ct 53 ai a3 a4 as
215 0.354 0.001 —0.04207 0.01456 0.04714 —0.18583 0.24234
22.5 0.354 0.001 —0.04681 0.01966 0.05671 —0.22691 0.59065
25 0.354 0.001 —0.05686 0.03254 0.07334 —0.3597 1.4681
Solving Eq. (10), the algebraic Riccati equation is obtained, B e TTTTTTTAT T Tttt
ATPy1+ PjA+ Q1 — P BRT'BTP =0 (14) ! :
20 i [

into Eq. (11), P, can be found. The remaining values of P can
be found by successive substitution of the lower order Lyapunov
parameters into the higher order Lyapunov parameters until P, , is
found. After all Lyapunov parameters have been determined, sta-
bility of the Lyapunov function has to be checked: if V(x) > 0
and g (x) > 0, then the nonlinear optimal control is asymptotically
stable in the large.

B. Nonlinear Optimal Control Procedure

The general procedure for solving the Lyapunov function V (x)
is as follows.

Step 1: Find the highest order (2n — 1) of the state variable from
the state equation, so that n can be properly selected.

Step 2: Assume g (x) and V (x) have the form of Egs. (4) and (9).

Step 3: Solve the algebraic Riccati equation from Eq. (14) for
V,(x) and find 3V, (x)/0x.

Step 4: Substitute 3 V,(x)/dx into Eq. (11) so that V3(x) is solved
and find 0 V5(x)/0x.

Step 5: Check the positive definiteness of the Lyapunov function.
Ifitis not stable, then adjust the performance index and repeat step 4.

Step 6: Repeat the process until V,,(x) is determined.

The outlined procedure will always result in a positive definite
V (x). Note that for stability V,(x) has to be positive definite. This
implies V,,(x) must be positive definite for all even values of n.
V,(x) does not have to be positive definite for odd values of n as
long as V(x) is positive definite.

When all Lyapunov parameters have been obtained, V(x) is at
least positive semidefinite, so that 3V (x)/dx can be calculated and
the state equation becomes

T
%= Ax+ f(x) — BR'BT [%} (15)

which is asymptotically stable in the large. The final optimal per-
formance index based on this method will be

J = 1xT(0) P 1x(0) +¢ 16)

where ¢ depends on the initial conditions only. This term is always
at least one order of magnitude smaller than the other term for the
large initial conditions.

III. Results and Discussion
A. Numerical Example
The wing rock equation of motion for 80-deg slender delta
wings!? is chosen as a nonlinear example for optimal control. The
equation of motion is

¢+ w’p =+ bid’ + pap’d +brgd’ +u  (17)
Reference 13 gives

2
o’ = —ca, My =c1ax — ¢z, by =cias

W2 = Cidy, by = cias

The values of the coefficients in these equations are shownin Table 1.
Defining the state vectorx = (x;, x2)7 = (¢, $)7, the system (17)
can be written in state variable form as
fC] = X3
, 2 (18)
Xy =—wx; +mxa+ f(x)+u
where

f(x) = b]x23 + szlzxz + byxyx3

Roll Angle (deg/sec)
o

i
0 200 400 600°

|
800 100
Time (sec)

Fig.1 Wing rock motion for o = 25 deg.

If Eq. (18) is written in the same form as Eq. (1), then

A= 0 : B = 0 19
ol -1, (19)

The wing rock motion shown in Fig. 1 is indeed a limit cycle vibra-
tion. Setting

x=0

three equilibrium points can be found. All of these equilibrium
points, however, are unstable when the nonlinear model is linearized.
The method of finding optimal control for this nonlinear model starts
by choosing the highest ordertermof f (x) thatresultsin2n—1 = 3,
or n = 2. Therefore, the performance index becomes

1 % x 1" Q11 Q2 x 2
2 TIe e)eele o

Note that R = 1. Now the Lyapunov function is assumed to be

r T
1 X Pl‘l P1.2 X
Ve =3 _xz] [Pz,. PM] [xz} @

1 0
Q=14 4

and solving the algebraic Riccati equation,

Setting

A"Pi i+ PiiA+ Qi1 — P BRT'BTP =0

then

_[P..lu,n Pu(l,z)}
TP PL@2)

where

1
P, 1) =, +5\/w4+1\/4p,f—8w2+8 ot+1+4

Pi(1,2) = —w + Vot + 1

1
Plv,(2,2) = + 5\/4[1%‘8(3’2—}-8\/ wtr+ 144
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Therefore,

V2(x) = %xTPux (22)
and

% = P1x (23)

Substituting Egs. (22) and (23) into Eq. (11) results in

Va(x) = 1xT P ax? + L(x)T Pyix 4
where
P, = l:PZ,l(l, 1y Pz,1(1,2):l
P(1,2y Pi(2,2)
Furthermore,

—g21(1, D
[-@2 - Pi(1,2)]

Pyi(1,2) =

Poi(1, 1) = 3{[20? — 1 + P11(2,2) + 2P 1 (1,2)]

x Pyi(1,2) — g12(1, 2)}
and
20P11(2,2) = 1= i1Poi(1,2) — q12(1, 2)

P12,2) =
2102, 2) [_3w2—-3P1,1(272)]

Therefore,

dVa(x) [396121)2,1(1, D +x2Py(1,2) +2x1x2P2,1(1,2):|

0x 3x2P1(2,2) + X3Py (1,2) + 2xyx2 P2 1 (1, 2)
(25)

To find V,(x), these results must be substituted into Eq. (13), where
n = 2. Then,

Va(x) = 2(x)7 Pyox? (26)

where

[Pz.z(ly b P2,2(1,2)j|
Pro =

Pyy(1,2) Py»(2,2)

and the coefficients are now given by

Py(1,2) =

Checking the positive definitenesses of the performance index and
the Lyapunov function, the following equations can be found:

0:1(2,2) =3P,1(2,2)P1(2,2) — P, (1,2) = 31 P,,1(2,2)
Q22(1,1) =2P;1(1,2)

These equations ensure that the performance index and the Lya-
punov function are positive definite and HIB equation is satisfied.

The following results are found using the coefficients for « =
25 deg. The performance index is set to

T
Xy
1 [ X2
s=1 /
2 Jy xlz
x3
1 0 1/64 0
0 1 0 —0.05434
| 1/64 0 488107 0
0 —0.05434 0 3.6758 .
X1
X
X i +u?}de
X
x3

and the Lyapunov function is determined to be

X1 T
1] x
V(x):z xlz
X3
1.7211 0.98 0.019376 0.01562 X)
0.98 1.7285 0.01562  —0.0075 X2
x 0.019376 0.01562 0.3551 0.08388 xl2
0.01562 —0.0075 0.08388 0.547 x22

The results of optimal control of the present wing rock equation of
motion are shown in Figs. 2 and 3. The optimal control as shown in
Fig. 41is

u = —[0.9811x; + 1.7285x, — 0.0225x7 + 0.01562

x (x} + 2x1x2) + 1.094x] + 0.1678x,x] |

[6P21(2,2)P21(1,2) + 4P (1,2) — q22(1,2) — pa P11(2,2) — by Py (1, 2)]

(211 —2P,1(2,2)]

Pya(1, 1) = Poa(1,2) Py (1,2) + @2 Pya(1,2) + 2P0 1(1,2) — 0.5u, P11 (1,2)

Pys(2,2) =

{(=2P(1,2) +12P,1(2,2)Py2(1,2) — b P11(2,2) — by P,y (1, 2))

[22 —2P11(1,2)]

Therefore,

WValx) |:2X13P2,2(1, D+ 2xx2 P (1, 2):|
0x

- 3-x23 P2.2(2y 2) -+ zxe%szz(l, 2)

The optimal control is

T
. _RVIBT<8V(x)>
ox

= —[Pri(1, 2% + Pii(2, 2%, + 35 P21 (2,2)

+ (2 + 200 Py (1, 2) 4 3%3 Pya(2,2) + 2x0x] Py (1, 2)]

Note that the performance index and the Lyapunov function are
positive definite.

The complete set of results for all three angles of attack of Ref. 13
are shown in Tables 2 and 3. Again, all performance indices and the
Lyapunov functions shown in Tables 2 and 3 are positive definite.

B. Results and Comparisons

Consider control architecture of the nonlinear system with linear
feedback and nonlinear feedback shown in Figs. 5 and 6. The linear
feedback model is based on the nonlinear system linearized about the
equilibrium point (0, 0). In fact, the optimal feedback control of this
linear model is the same as the second order results of the nonlinear
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Table 2 Coefficients of the closed-loop Lyapunov function

o Pia(1, 1) Pia(1,2) Pii(2,2) Pa(LL1) Pi(1,2) Pr1(2,2) Pp(1,1) Pra(1.2) Pa(2,2)

215 1.7238 0.9852 17277 0.0194
225 1.7229 0.9836 1.7285 0.0194
25 1.7211 0.9801 1.7285 0.0194

0.0156  —0.0075  0.1102
0.0156  —-0.0075  0.180! 0.0193 02106
0.0156  —0.0075  0.3551 0.0839  0.547

—0.0085  0.0745

Table 3 Coefficients of the performance index

o gL D ¢11(1,2) g112,2) g1 (1,1 ¢21(1,2) ¢212,2) q2(1, 1) q22(1,2) ¢22(2,2)

215 1 0 1 1/64
225 1 0 1 1/64
25 I 0 1 1/64

—0.0546  0.0005 0 0.4569
-0.0545  0.0005 0 1.3825
—0.0543  0.0005 0 3.6758

Roll Rate (deg/sec)

-5 0 5 10 15 1 2
Roll Angle (deg)

Fig.2 Phase plane plot of the wing rock motion with optimal nonlinear
state feedback.

Nt Roll Rate
[ I—

Roll Rate (deg/sec) and Roll Angle(deg)

o b— - - - - -
— -
5 .

Time (sec)

Fig. 3 State response of optimal nonlinear control.

Nonlinear Control, u, (deg/sec**2)

Time (sec)
Fig.4 Time history of the optimal feedback controller.

The wing rock motion
X = Ax+f{x)+Bu

Linear control

LT

u=-R B ]7 x

ol

Fig. 5 Control architecture for the linear optimal feedback case.

The wing rock motion
X = Ax+f{x)+Bu

Nonlinear control

7

- 8 Vix
g
dx

Fig. 6 Control architecture for the nonlinear optimal feedback case.

A o e el oo

N PR Roll Rate (Linear Feedback) |

" | = Roll Rate (Nontinear Feedback)

| : ; ‘
’g Ob______ o . [ k,“;
H) . |
s 1
2 ,

S

] T N . T
3 R Y NS TR S
4 0 4 8 12 1

Roll Angle (deg)

Fig. 7 Phase plane plot of the optimal wing rock motion in the small
condition.

optimal feedback control,i.e.,u = —R™IBT[3V,(x)/dx]". Results
for the control of the wing rock motion based on control architectures
of Figs. 5 and 6 are shown in Figs. 7 and 8. Figure 7 shows that the
nonlinear feedback control and linear feedback control are not very
different when the system is in the small. When in large initial
conditions, however, significant differences between the nonlinear
feedback and linear feedback appear. Figure 9 shows that when
the initial conditions are set to 80 deg, 200 deg/s, the nonlinear
feedback control system can still stabilize and optimize the system.
The linear feedback model diverges very quickly, however, reaching
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£ + " Roll Angle (Nonlinear Feedback) | -

e ‘ ‘

2 Roll Rate (Nonlinear Feedback)

% Roll Angle (Linear Feedback)

2 Roll Rate (Linear Feedback)

8 B ;

5 | |

g ¢ 1

2 | : |

é I I I

3 | | |
1 1 " ]
8 12 1

Time (sec)

Fig. 8 State response to both linear and nonlinear feedback for small
initial conditions.

200 F - - e oo

100 §

Roll Rate (deg/sec) and Roll Angle (deg)

'
1
!
'
'
'
!
1

-100 .
0 ‘12 16 2

Time (sec)

Fig. 9 State response to nonlinear state feedback for large imitial

conditions.

(x1, x2)T = (232, 7960)7 in 0.37 s. This implies that the nonlinear
feedback control is indeed asymptotically stable in the large.

C. Discussion

The problem of optimal control of nonlinear systems has been
studied for more than 30 years. Research in this area, however, has
emphasized the solution of the HIB equation, ignoring the fact that
the performance index and the Lyapunov function must be at least
positive semidefinite. From the second method of the Lyapunov
theory,* when

V@) _ V(&)

V =
x) ax ax

(Ax + f(x) + Bu)

= —q(x) — %uTRu

the remaining conditions, g(x) > 0 and V(x) > 0, must also be
satisfied. This guarantees that the optimal control of a nonlinear
system is asymptotically stable in the large.

Here, since the performance index is assumed as Eq. (3), the
interpolated term of g (x) is

00 Qa1 o 0 Qu

Q2,1 Q2,2 :
Q:

L Qnt o e Onn |

which is positive definite. Furthermore, the closed-loop Lyapunov

function is assumed to have the same form as the performance index.
Therefore, the interpolated term of V (x),

Py Py oo-o Py

Pyy Py :
P =

Poy oo o Pn

is easily seen to be also positive definite. The control computed
from the partial derivative of the closed-loop Lyapunov function
with respect to the state variable allows the system to be stable
in the large. This is because the HIB equations are satisfied by the
given positive definite performance index and closed-loop Lyapunov
function.

IV. Conclusion

A new method was presented for solving nonlinear optimal con-
trol problems. The control of a nonlinear system was guaranteed to
be stable in the large by satisfying the second method of the Lya-
punov theory. It was determined that the Lyapunov function can be
made positive definite by proper choice of a positive definite perfor-
mance index. A simple way of defining a positive definite perfor-
mance index and Lyapunov function was shown to be using the same
matrix form for both. These state variable expansion series matrix
forms allow the interpolated constant matrices of both functions to
be easily checked for their positive definitenesses. The optimal and
asymptotically stable system using nonlinear state feedback control
was found, when both positive definite functions were determined.
A wing rock model was used to illustrate that the nonlinear feedback
control system was asymptotically stable in the large.

Even though the major emphasis was placed on second-order
systems in this paper, the procedure outlined here is applicable to
any system of finite order.
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